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8.1.2 Arithmetisation of the 3D Hilbert Curve

The arithmetisation of the 3D Hilbert curve follows the established scheme. Due to
the recursive substructuring into eight intervals and cubes in each iteration step, the
respective arithmetisation is based on the octal representation of the parameter.

Hence, for a parameter t = 08.k1k2k3k4 . . . given as an octal number, we need to
determine the operators Hk for the following representation:

h(08.k1k2k3k4 . . .) = Hk1 ◦Hk2 ◦Hk3 ◦Hk4 ◦ · · ·
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Each operator H0 to H7 describes the transformation of the unit cube into one of the
eight subcubes. For the Hilbert curve illustrated in the left plot of Figure 8.6, we can
derive the following set of operators:
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Figure 8.7 illustrates how to derive the operators H0 and H7: the images of the three
canonical unit vectors form the column vectors of the matrix part of the operator,
which implements the required rotations and reflections. The translation part of the
Hk operators, as for the 2D case, can be read from the starting points of the subcurves
in each of the eight octants. Analogous to the 2D Hilbert and Peano arithmetisations,
we can use these operators to build algorithms to compute the respective 3D Hilbert
mapping, and also the 3D Hilbert index.


